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Abstract. Let X be a compact complex manifold with boundary 
and let L'^ be a high power of a hermitian holomorphic line bundle 
over X. When X has no boundary, Demailly's holomorphic Morse in- 
equalities give asymptotic bounds on the dimensions of the Dolbeault 
cohomology groups with values in L'^', in terms of the curvature of L. 
We extend Demailly's inequalities to the case when X has a bound- 
ary by adding a boundary term expressed as a certain average of the 
curvature of the line bundle and the Levi curvature of the boundary. 
Examples are given that show that the inequalities are sharp. 



1. Introduction 

Let X be a compact n— dimensional complex manifold with boundary. 
Let p be a defining function of the boundary of X, i.e. p is defined in 
a neighborhood of the boundary of X, vanishing on the boundary and 
negative on X. We take a hermitian metric u on X such that dp is of 
unit-norm close to the boundary of X. The restriction of the two-form 
iddp to the maximal complex subbundle T^'°(9X) of the tangent bundle 
of dX, is the Levi curvature form of the boundary dX. It will be denoted 
by C. Furthermore, let L be a hermitian holomorphic line bundle over 
X with fiber metric 4>, so that iddcj) is the curvature two-form of L. It 
will be denoted by 9. The line bundle L is assumed to be smooth up to 
the boundary of X. Strictly speaking, is a collection of local functions. 
Namely, let Sj be a local holomorphic trivializing section of L, then locally, 
|si(2;)|^ = e~'^^''^\ The notation r]p := rf /p\ will be used in the sequel, so 
that the volume form on X may be written as Un- 

When X is a compact manifold without boundary Demailly's (weak) 
holomorphic Morse inequalities jHI give asymptotic bounds on the dimen- 
sion of the Dolbeault cohomology groups associated to the k :th tensor 
power of the line bundle L : 

(1.1) dime H'^'^X, L') < k^-iy{^r [ ©n + o(A;"), 

where X{q) is the subset of X where the curvature-two form has ex- 
actly q negative eigenvalues, i.e the set where index(9) = q. Demailly's 
inspiration came from Witten's analytical proof of the classical Morse 
inequalities for the Betti numbers of a real manifold where the role 
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of the fiber metric is played by a Morse function. Subsequently, holo- 
morphic Morse inequalities on manifolds with boundary where studied. 
The cases of g— convex and g— concave boundary were studied by Bouche 
[3, and Marinescu [18], respectively, and they obtained the same curva- 
ture integral as in the case when X has no boundary. However, it was 
assumed that, close to the boundary, the curvature of the line bundle L 
is adapted to the curvature of the boundary. For example, on a pseu- 
doconcave manifold (i.e the Levi form is negative on the boundary) it is 
assumed that the curvature of L is non-positive close to the boundary. 
This is related to the well-known fact that in the global L^— estimates for 
the 9— operator of Morrey-Kohn-Hormander-Kodaira there is a curvature 
term from the line bundle as well from the boundary and, in general, it 
is difficult to control the sign of the total curvature contribution. 

In the present paper we will consider an arbitrary line bundle L over 
a manifold with boundary and extend Demailly's inequalities to this sit- 
uation. We will write h''{L'^) for the dimension of H^'''{X, L'^), the Dol- 
beault cohomology group of (0,g)— forms with values in L^. The coho- 
mology groups are defined with respect to forms that are smooth up to 
the boundary. Recall that X{q) is the subset of X where index(9) = q 
and we let 

Tiq)p,cc = {t > : index(e + tC) = q along T^'^dX)^} . 

The main theorem we will prove is the following generalization of De- 
mailly's weak holomorphic Morse inequalities. 

Theorem 1.1. Suppose that X is is a compact manifold with boundary, 
such that the Levi form is non-degenerate on the boundary. Then, up to 
terms of order o{k"-), 
(1.2) 

hi{L'') < p(-i)'?(^)"( / e„ + / / (e + t/:)„_i a dp a dt), 

^TT Jx{q) JdX JT{q)p,^ 

The integral over t in the boundary integral is oriented so as to make 
(— 1)'^ times the last integral non-negative. The boundary integral above 
may also be expressed more directly in terms of symplectic geometry as 

(1.3) / {Q + da)n 

Jx+{q) 

where (X+, da) is the so called symplectification of the contact manifold 
dX induced by the complex structure of X (section EH]). 

Examples will be presented that show that the leading constants in the 
bounds of the theorem are sharp. We will also obtain the correspond- 
ing generalization of the strong holomorphic Morse inequalities. The 
most interesting case is when the manifold is a strongly pseudoconcave 
manifold X of dimension n > 3 with a positive line bundle L. Then, if 
the curvature forms of L and dX are conformally equivalent along the 
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complex tangential directions of 9X, we will deduce that 



if the defining function p is chosen in an appropriate way. In particular, 
such a line bundle L is hig and 11.41 can be expressed as 



in terms of the corresponding symplectic volume of X and contact volume 
of dX. Examples are provided that show that theorem 16.51 is sharp and 
also compatible with hole filling 

The proof of theorem 16.51 will follow from local estimates for the cor- 
responding Bergman function B'^^ where -Bj*^ is the Bergman function of 
the space 7i°'''(X, L^) of 9— harmonic (0, g)— forms satisfying 9— Neumann 
boundary conditions (simply referred to as the harmonic forms in the se- 
quel). The point is that the integral of the Bergman function is the 
dimension of TC'^''^{X, L^). It is shown that, for large k, the Bergman 
function is estimated by the sum of two model Bergman functions, giv- 
ing rise to the bulk and the boundary integrals in theorem 16.51 The 
model at a point x in the interior of X is obtained by replacing the man- 
ifold X with flat C" and the line bundle L with the constant curvature 
line bundle over C" obtained by freezing the curvature of the line bun- 
dle at the point x. Similarly, the model at a boundary point is obtained 
by replacing X with the unbounded domain Xq in C", whose constant 
Levi curvature is obtained by freezing the Levi curvature at the bound- 
ary point in X. The line bundle L is replaced by the constant curvature 
line bundle over Xq, obtained by freezing the curvature along the com- 
plex tangential directions, while making it flat in the complex normal 
direction. 

The method of proof is an elaboration of the, comparatively elemen- 
tary, technique introduced in [i| to handle Demailly's case of a manifold 
without boundary. 

Remark 1.2. The boundary integral in ll.2l is flnite precisely when there is 
no point in the boundary where the Levi form iddp has exactly q negative 
eigenvalues. Indeed, any sufficiently large t will then be in the comple- 
ment of the set T{q)p^x- Since, we have assumed that the Levi form iddp 
is non-degenerate, this condition coincides with the so called condition 
Z{q) However, for an arbitrary Levi form the latter condition is 

slightly more general: it holds if the Levi form has at least q + 1 negative 
eigen values or at least n — q positive eigen values everywhere on dX. In 
fact, the proof of theorem 16.51 onlv uses that dX satisfies condition Z{q) 
and is hence slightly more general than stated. Furthermore, a function 
p is said to satisfy condition Z{q) at a point a; if a; is not a critical point of 
p and if ddp satisfies the curvature condition at x along the level surface 
of p passing through x. 



(1.4) 




Vol(L) =Vol(X) + -Vol(aX) 
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One final remark about the extension of the Morse inequalities to open 
manifolds: 

Remark 1.3. The cohomoloy groups H^'*{X, L^) associated to the mani- 
fold with boundary X occuring in the weak Morse inequalities, theorem 
12. H are defined with respect to forms that are smooth up to the bound- 
ary. Removing the boundary from X we get an open manifold, that 
we denote by X. By the Dolbeault theorem jTHI the usual Dolbeault co- 
homology groups H^'*{X , L^) of X are isomorphic to the cohomology 
groups H*{X ,0{L^)) of the sheaf 0{L'') of germs of holomorphic sec- 
tions on X with values in L''. Moreover, if we assume that condition 
Z{q) and Z{q + 1) hold then H^''i{X,L^) and H^'''{X,L'') are isomorphic 
|14| . Furthermore, consider a given open manifold Y with a smooth ex- 
haustion function p, i.e a function such that the open sublevel sets of p 
are relatively compact in Y for every real number c. Then, if for a fixed 
regular value Cq, the curvature conditions Z{q) and Z{q + 1) hold for p 
when p > Co, the group H'^''^{Y,L^) is isomorphic to H^^'^iX^g. L^)[T7|. 
where Xcq is the corresponding closed sublevel set of p. In this way one 
gets Morse inequalities on certain open manifolds Y. 

Notation 1.4. The notation ~ {^)bk will stand for = {<)Ckbk, 
where Ck tends to one when k tends to infinity. The 9— Laplacian p[5] 
will be called just the Laplacian. It is the differential operator defined 
hj A := dd + d d (where d denotes the formal adjoint of d) acting on 
smooth forms on X with values in L'^. Similarly, we will call an element 
in the kernel of A harmonic, instead of (9— harmonic. 

The paper is organized in two parts. In the first part we will state and 
prove the weak holomorphic Morse inequalites. In the second part the 
strong holomorphic Morse inequalities are obtained. Finally, the weak 
Morse inequalities are shown to be sharp and the relation to hole filling 
investigated. 
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Part 1. The weak Morse inequalities 

2. Setup and a sketch of the proof 

In the first part we will show how to obtain weak holomorphic Morse 
inequalities for (0, q)— forms, with values in a given line bundle L over a 
manifold with boundary X. In other words we will estimate the dimension 
of H^''^{X, L^) in terms of the curvature of L and the Levi curvature of 
the boundary of X. With notation as in the introduction of the article 
the theorem we will prove is as follows. 

Theorem 2.1. Suppose that X is is a compact manifold with boundary, 
such that the Levi form is non-degenerate on the boundary. Then, up to 
terms of order o{k"'), 

h%L^) < r / e„, + / / (9 + tC)n-i A dp A dt), 

Jx(q) JdX JT{q)p,:, 

(the integral overt is oriented so as to make the last integral non-negative). 

Note that the last integral is independent of the choice of defining 
function. Indeed, if p' = fp is another defining function, where / is a 
positive function, the change of variables s = ft shows that the integral 
is unchanged. A more intrinsic formulation of the last integral will be 
given in section 17.11 Let us now fix the grade q. Since, the statement 
of the theorem is vacuous if the Levi form iddp has exactly q negative 
eigenvalues somewhere on dX (compare rema rk (Oil we may assume that 
this is not the case. Then it is well-known that the Dolbeault cohomology 
group H^''^[X, E) is finite dimensional for any given vector bundle E over 
X. The cohomology groups are defined using forms that are smooth up to 
the boundary. Moreover, the Hodge theorem, in this context, says that 
H^''^{X, E) is isomorphic to the space liP'^{X, E), consisting of harmonic 
(0,g)— forms, that are smooth up to the boundary, where they satisfy 
5— Neumann boundary conditions ([H]). The space H^'''{X, E) is defined 
with respect to a given metrics on X and E. 

The starting point of the proof of theorem 12.11 is the fact that the 
dimension of the space 7i°''^(X, L'^) may be expressed as an integral over 
X of the so called Bergman function B'i^ defined as 

Bf{x) = Y,\'^,{x)\\ 

i 

where {^i} is any orthonormal base for ?i°'''(X, L^). Indeed, the integral 
of each term in the sum is equal to one. Note that the Bergman function 
B'i^ depends on the metric oo on X. It is convenient to use ku as metric 
for a given k. The point is that the volume of X mesured with respect 
to koj is of the order k'^. Hence, the dimension bound in theorem l2.1l will 
follow from a point-wise estimate of the corresponding Bergman function 
B'i^ . Another reason why ku is a natural metric on X is that, since 
k(j) is the induced fiber metric on L'^, the norms of forms on X with 
values in L'^ become more symmetrical with respect to the base and 
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fiber metrics. In fact, we will have to let the metric oj itself depend 
on k (and on a large parameter R) close to the boundary and we will 
estimate the Bergman function of the space T-C'^''^{X, kuk, L^) in terms 
of model Bergman functions and compute the model cases explicitely. 
The sequence of metrics will be of the following form. First split the 
manifold X in an inner region X^, with defining function p + e and its 
complement, the boundary region, given a small positive number e. The 
level sets where p = —Rk~^ and p = — divide the boundary region 
into three regions. The one that is closest to the boundary of X will be 
called the first region and so on. Next, define ujtj the complex tangential 
part of u close to the boundary by 

ut '■= uj — 2idp A dp 

(recall that we assumed that dp is of unit-norm with respect to u close 
to the boundary of X). The metric Uk is of the form 

(2.1) Uk = ujt + dkipy^'^'idp A dp, 

where the sequence of smooth functions will be chosen so that, basi- 
cally, the distance to the boundary, when mesured with respect to kuk, 
in the three different regions is independent of k. The properties of Uk 
that we will use in the two regions will be stated in the proofs below, 
while the precise definition of ujk is deferred to section 15.41 

2.1. A sketch of the proof of the weak Morse inequahties. To 

make the sketch of the proof cleaner, we will just show how to estimate 
the extremal function 

(2.2) Sjl'^ix) = sup \ak{x)f 

closely related to B'^^, where the supremum is taken over all normalized 
elements of the space H^''^{X,uJk, L^). When g = 0, i.e the case of holo- 
morphic sections, it is a classical fact that they are actually equal and 
the general relation is given in section |H1 Let us first see how to get the 
following bound in the inner region defined above: 

(2.3) Sf{x) < S^^^M, 

where the right hand side is the extremal function for the model case 
defined below. Moreover, the left hand side is uniformly bounded by 
a constant, which is essential when integrating the estimate to get an 
estimate on the dimension of TiP''^{X, kuk, L^)- The proof of EHl proceeds 
exactly as in the case when X is a compact manifold without boundary 
Let us recall the argument, slightly reformulated. Fix a point x in 
X^. We may take local holomorphic coordinates centered at x and a local 
trivialization of L such that 

n . n 

(2.4) (t){z) = ^^\iZiTi + uj{z) = ^ y^rfzj A dzj + .... 

i=l 1=1 

where the dots indicate lower order terms and the leading terms are called 
model metrics and denoted by 0o and wq, respectively. Hence, the model 
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situation is a line bundle of constant curvature on flat C". Note that the 
unit ball at x with respect to the metric kuj^ corresponds approximately 
to the coordinate ball at of radius To make this more precise, 

deflne a scaling map 

Fk{z) = k~^/^z 

and consider a sequence of expanding balls centered at in C" of radius 
Tfc, slowly exhausting all of C". We will call F^ikcj)) and F^iku) the scaled 
metrics on the expanding balls. The point is that they converge to the 
model metrics 0o and ojq. This follows immediately from the expression 
12 .41 and the fact that the model metrics are invariant when kF^ is applied. 
Next, given a (0, g) form on X with values in L^, we denote by a^'^'^ the 
scaled form defined by a^^'> = F^a^- Then, by the convergence of the 
scaled metrics, 

(2-5) ~ h^'lll, ' 

using the norms induced by the model metrics in the right hand side 
above. Now, if is a normalized sequence of extremals (i.e realizing the 
extremum in l2.2p we have 

Sf{x) = |a('H0)f • 

By 12. 5[ the norms of the scaled sequence a*^*^^ are less than one, when k 
tends to infinity. Moreover, a^^"* is harmonic with respect to the scaled 
metrics and since these converge to model metrics, inner elliptic estimates 
for the Laplacian show that there is a subsequence of a^^"* that converges 
to a model harmonic form [3 in C". In fact, we may assume that the 
whole sequence a*^^^ converges. Hence, 

limsup|a('=)(0)f = 1/3(0)1^ 

k 

which in turn is bounded by the model extremal function Sx^^xiS^)- More- 
over, since may be covered by coordinate balls of radius k~^^'^, staying 
inside of X for large k, one actually gets a uniform bound. 

Let us now move on to the boundary region X — that we split into 
three regions as above. Fix a point a in the boundary of X. We may take 
local coordinates centered at a and orthonormal at a, so that 

n-l 

p{z,w) = V - ^/Ui \Zif + ... 
1=1 

where v is the imaginary part of w [H]. The leading term of p will be 
denoted by po, and will be referred to as the defining function of the 
model domain Xq in C". Observe that the model domain Xq is invariant 
under the holomorphic anisotropic scaling map 

F,{z,w) = {z/k'/\w/k). 

Moreover, the scaled fiber metric on now tends to the new model 
fiber metric 4>o{z, 0), since the terms in involving the coordinate w are 
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suppressed by the anisotropic scaling map F^. Now, the bound 12.31 is 
replaced by 

(2.6) SfiO,tv/k)<SiO,tv), 

in terms of the new model case. To see this one replaces the balls of 
decreasing radii used before with Fk{Dk) intersected with X, where Dk 
is a sequence of slowly expanding polydiscs. Moreover, we have to let the 
initial metric uj on X depend on k in the normal direction in order that 
the scaled metric converge to a non-degenerate model metric. In the first 
region we will essentially let 

ujk = ojt + k2idp A dp. 

As a model metric in Xq we will essentially use 

cuo = ^(9(9 + 2idpo A dpo- 

Then clearly 

(2.7) F*ikLUk) = too 

in the model case and it also holds asymptotically in k, in the general 
case. Replacing the inner elliptic estimates used in the inner part X^ 
with subelliptic estimates for the 9— Laplacian close to the boundary one 
gets the bound 12.61 more or less as before. Finally, using similar scaling 
arguments, one shows that the contribution from the second and third 
region to the total integral of B'^'^ is negligible when k tends to infinity. 
This gives the bound 

/ Bf{ku,)r. < k-{ [ Bl^^^u^^ + I f B%^^^{zv)dvda) 

Jx Jx JdX J-oo 

integrating over an infinite ray in the model region Xq in the second 
integral (after letting R tend to infinity). Computing the model Bergman 
functions explicitly then finishes the proof of the theorem. 



3. Bergman kernel forms 

Let us now turn to the detailed proof of theorem l2.11 First we introduce 
Bergman kernel forms to relate the Bergman function B'^'^ to extremal 
functions taking account of the components of a form (see for proofs) . 
Let (ipi) be an orthonormal base for a finite dimensional Hilbert space 
7^°''^ of (0, q)— forms with values in L. Denote by tti and 112 the projections 
on the factors of X x X. The Bergman kernel form of the Hilbert space 
Tt^''^ is defined by 

i 

Hence, W{x,y) is a form on X x X with values in the pulled back line 
bundle 7rJ(L) ® t^I{L). For a fixed point y we identify K^(a;) := W{x,y) 
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with a (0, g)— form with values in L ® A°''^(X, L)y. The definition of 
is made so that ffiC^ satisfies the following reproducing property: 

(3.1) a{y) = Cn,g / a A K| A e" W<?, 

Jx 

for any element a in 7^°''^, using a suggestive notation and where Cn,q is a 
complex number of unit norm that ensures that 13.11 may be interpreted 
as a scalar product. Properly speaking, a{y) is equal to the push forward 
''^2*{cn,qa AW AuJn^ge~'^){y). The restriction ofW to the diagonal can be 
identified with a (g, g)— form on X with values in L L. The Bergman 
form is defined as W{x, x)e~'^^^\ i.e. 

(3.2) B'?(x) = J2 ^i(^) ^ ^i(x)e-'^(^) 

i 

and it is a globally well-defined (g, g)— form on X. The following notation 
will turn out to be useful. For a given form a in fi°''^(X, L) and a de- 
composable form in Q'^''^{X)rc of unit norm, let a0{x) denote the element 
of fi°'°(X,L)^ defined as 

a0{x) = {a, 6)^ 

where the scalar product takes values in L^. We call ag{x) the value of a 
at the point x, in the direction 6. Similarly, let Bg{x) denote the function 
obtained by replacing 13. 21 bv the sum of the squared pointwise norms of 
ipi,e{x). Then Bg{x) has the following useful extremal property: 

(3.3) Bg{x) = sup \ag{x) f , 

a 

where the supremum is taken over all elements a in 7^°'*^ of unit norm. 
The supremum will be denoted by Sg{x) and an element a realizing the 
supremum will be referred to as an extremal form for the space IHP''^ at 
the point x, in the direction 6. The reproducing formula l3T] may now be 
written as 

ae{y) = («,K^,e). 
Finally, note that the Bergman function B is the trace of B"?, i.e. 

B'^iUn = Cn,gM'^ A UJn^g. 

Using the extremal characterization 13.31 we have the following useful ex- 
pression for B : 

(3.4) B{x) = J2So{x), 

e 

where the sum is taken over any orthonormal base of direction forms 6 
in AO''?(X),. 
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4. The model boundary case 

In the sketch of the proof of the weak holomorphic Morse inequalities 
(section 12.1^ it was explained how to bound the Bergman function on 
X by model Bergman functions. In this section we will compute the 
Bergman kernel explicitely in the model boundary case. Consider C"' 
with coordinates {z,w), where z is in C"~^ and w = u + iv. Let Xq be 
the domain with defining function 

n-l 

Po(z,w) = v + 'iIjo{z) := V + '^iJi\zif , 

1=1 

and with the metric 

uiq = ^dd \zf + a{p)~^2idpo A dpQ. 

Note that the corresponding volume element {u!o)n is given by a(p)~^ 
times the usual Euclidian volume element on C". We will take a(po) 
to be comparable to (1 — po)^ (compare section 15.411 but we will only 
use that the corresponding metric uq is "relatively complete" (compare 
section HH} . We fix the q and assume that condition Z{q) holds on dXo, 
i.e. that at least g + 1 of the eigen values pi are negative or that at least 
n — g of them are positive. 

Let TC^''^{Xq, 0o) be the space of all (0, q)— forms on X that have finite 
L^— norm with respect to the norms defined by the metric uoq and the 
weight e~'^°^^\ where 0o is quadratic, and that are harmonic with respect 
to the corresponding Laplacian.^ Moreover, we assume the the forms 
are smooth up to the boundary of Xq where they satisfy (9— Neumann 
boundary conditions (the regularity properties are automatic, since we 
have assumed that condition Z{q) holds The Bergman kernel form 

of the Hilbert space ?-^°''^(Xo, 0o) will be denoted by ^Xq- ^^^^ show 
how to expand in terms of Bergman kernels on C"~^, and then 
compute it explicitly. Note that the metric c^o is chosen so that the 
pullback of any form on C"^^ satisfies 9— Neumann boundary conditions. 
Conversely, we will show that any form in H^''^{Xo, (po) can be written as 
a superposition of such pulled-back forms. 

By the very definition of the metric coq, the forms dzi and a~^^'^dpo 
together define an orthogonal frame of (1,0)— forms. Any (0,g)— form 
a on X may now be uniquely decomposed in a "tangential" and a "normal" 
part: 

a = aT + «7V5 

where a = ax modulo the algebra generated by dp^. A form a with- 
out normal part will be called tangential. The proof of the following 
proposition is postponed till the end of the section. 



Since the metric is "relatively complete", all harmonic forms are in fact closed and 
coclosed with respect to d. One could also take this as the definition of harmonic 
forms in the present context. 
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Proposition 4.1. Suppose that a is in 7^°''^(Xo, 0o)- Then a is tangen- 
tial, closed and coclosed (with respect to d). 



^ fidzi 



By the previous proposition any form a in 7^°''^(Xo, 0o) may be written 

as 

a{z, w) 

I 

Moreover, since a is in L^(Xo,0o) and d— closed, the components // are 
in L^(Xo,</)o) and holomorphic in the w— variable. We will have use for 
the following basic lemma:^ 

Lemma 4.2. Let m{v) be a positive function on [0, oo[ with polynomial 
growth at infinity. If f{w) is a a holomorphic function in {v < c} with 
finite LF' — norm with respect to the measure m{v)dudv, then there exists 

a function f{t) on ]0, oo[ such that 

POO 

f{w) = / me^'^-'dt 
Jo 

Moreover, 

(4.1) / / \f{w)\^m{v)dudv = AT: I j f{t) e'"m{v)dtdv 

J v<c J u=—oo J v<c J t=0 

We will call f{t) the Fourier transform of f{w). Now, fix z in C"~^ 
and take c = —ipo^z) and m{v) = a(po) ""^ = + V'o(-2))~^- Then //, as 
a function of w, must satisfy the requirements in the lemma above for 

almost all z. Fixing such a 2; we write fi^t{z) for the function oft obtained 
by taking the Fourier transformation with respect to w. 
Hence, we can write 

POO 

(4.2) a{z,w)= / at(z)e~>Vt 

Jo 

for almost all z, if we extend the Fourier transform and the integral to act 
on forms coefficientwise. Note that the equalitv 14.21 holds in L^(Xo,0o)- 
The following proposition describes the space TC^''^{Xq, 0o) in terms of 
the spaces 7-^°''^(C"~^, t^o + 4>o), consisting of all harmonic (0, q)— forms 
in L^(C"^^,t^o + 0o) (with respect to the Euclidean metric in C"). The 
corresponding scalar products over C"^^ are denoted by (■, ■)t- 

Proposition 4.3. Suppose that a is a tangential (0, q)—form on Xq with 
coefficients holomorphic with respect to w. Then at is in L^(C"~^, t'?/'o + 
(f)Q) for almost all t and 

(4.3) ia,a)xo ^ '^^ j {(^t, at)tb{t)dt, 

where b{t) = f_^^^e'^^a{po)~'^ds. Moreover, if a is in 7i°''^(Xo, (/)o), then at 
is in 7i°''^(C""^, tV^o + 0o) for almost all t. 



^This lemma can be reduced to the Payley- Wiener theorem 19.2 in |21| . 
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Proof. It is clearly enough to prove H73l for the components // of a, i.e for a 
function / in Xq that is holomorphic with respect to w. When evaluating 
the norm (/, f)xo over Xq we may first perform the integration over u, 
using mU giving 

(/, f)x, = 47r / ft{z) ' e^'e~^^'^a{por'dzdtdv, 

Jpo<0 

where dz stands for the Euclidean volume form {^dd \zf)n-i on C"~^. 
If we now fix z and make the change of variables s := v + ipo{z) and 
integrate with respect to s we get 



ftiz) 6(t)e-(*^(^)+*(^))dtrfz = An / (/„ ft)tKt)dt. 



Air 



Since this integral is finite, it follows that {ft, ft) is finite for almost all t. 

Next, assume that a is in 7i°''^(Xo, 0o)- By proposition l4.1l a is 9— closed, 
so that 14.21 gives that at is (9— closed for almost all t. Let us now show 
that Of is 9— coclosed with respect to L^(C"~^, tipo + 0o) for almost all t. 
Fix an interval / in the positive half-line and let /3 be a form in Xq that 
can be written as 



Piz,w)= / r]tiz)e-^'^'dt 

where rjt is a smooth (0, q — 1)— form with compact support on C"~^ for 
a fixed t (and mesurable with respect to t for z fixed). In particular 
/? is a smooth form in L^(Xo,0o) that is tangential and holomorphic 
with respect to w. According to 14.21 /3j is equal to rjt for t G / and 
vanishes otherwise. By proposition 14. II a is 9— coclosed (with respect to 
L2(Xo,0o))- Using Owe get that 

= (d*a,(3) = {a,d(3) = Air [ {at,d7^t)Mt)dt, 

where we have used lemma 14.61 proved in the next section to get the 
second equality. Since this holds for any choice of form /3 and interval 
/ as above we conclude that d at = for almost all t. Hence at is in 
H°'5(C"-\ t^o + 0o) for almost all t. □ 

Denote by the Bergman kernel of the Hilbert space 7Y°'''(C"^^, i(:\E'o + 



-'0) 



Lemma 4.4. The Bergman kernel may be expressed as 



1 r°° _ 

K''^^{z,w,z',w') = - Kt{z,z')e^^^-~-'H{t)-'dt 

In particular, the Bergman form B^^ is given by 

1 

Ml,^{z,w) = — M',{z,z)e^'H{t)''dt. 
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Proof. Take a form a is in H^'''{Xq, 0o) and expand it in terms of its 
Fourier transform as in 14.21 According to the previous lemma at is in 
7i°'''(C"~\ t\l/o + 0o) for almost all t. Hence, we can express it in terms 
of the corresponding Bergman kernel K.f, giving 

fi{z,w) = lMz)e-^-''dt = j {at{z),Kl,j)e^-'dt, 

where IK^^ ^ denotes the Bergman kernel form Kj at the point z in the di- 
rection dlj (see sectional) and where have used the reproducing property 
13. II of the Bergman kernel. Now, using the relation between the different 
scalar products in the previous lemma we get 

where {z', w') are the integration variables in the scalar product. But this 
means exactly that as defined in the statement of the lemma is the 
Bergman kernel form of the space 7i°''^(Xo, 0o) since a was chosen arbi- 
trarily. Finally, by definition we have that B^^ (z, w) = {z, w, z, w)e~'^°^^^ 
and Ml(z, z) = ]K^(2;, z')e~^^^°~^'^°^^^\ Hence, the expression for B^^ is ob- 
tained. □ 

Now we can give an explicit expression for the Bergman kernel form 
and the Bergman function. In the formulation of the following theorem 
we consider Xq as a fiber bundle of infinity rays ] — cxd, 0] over (or rather 
under) the boundary dXg. Then we can consider the fiber integral over 0, 
i.e. the push forward at 0, of forms on Xq. Moreover, given a real-valued 
function r] on C"~^ such that ^ddrj has exactly q negative eigenvalues, 
we define an associated {q,q)— form x'^''^ by 

where e* is a orthonormal (1,0)— frame that is dual to a base Cj of the 
direct sum of eigen spaces corresponding to negative eigenvalues of iddr] 
(compare 0). The {q,q)— form associated to ^ddcpo + t^ddpo is denoted 
by xf ill the statement of the following theorem. 

Theorem 4.5. The Bergman form B^^ can be written as an integral over 
a parameter t : 

B^^(0,w + zi;) = / xrdetC-dd<Po + t'-ddpo)e^'b{t)-'dt, 

47r TV JT{q) ^ ^ 

where hit) = J^^Qe''^a{p)~^dp. In particular, the fiber integral over of 

the Bergman function Bxg times the volume form is given by 

(4.4) 

BUO,tv){uJo)n = {^n-iy [ {dd<f)o + tddpo)n~iAdpAdt. 

Proof. Let us first show how to get the expression for B^^. Using the pre- 
vious proposition we just have to observe that in C™, with rj a quadratic 
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weight function, the Bergman form is given by 
(4.5) Ml = ^lxi,)X'''detC-ddv), 

where the constant function lx{q) is equal to one if ^ddrj has precisely q 
negative eigenvalues and is zero otherwise (see |3], [H], |H1)- Next, from 
section ini we have that B'^^{u!o)n is given by B^^(co'o)n-g- Note that 

X^'^ A (cuo)n-, = i^dd \z\\^i A a{po)-\2i)dpo A dpo, 

Thus, the fiber integral of _B^^(ct;o)„ over reduces to 14.41 since the factor 
b{t) is cancelled by the integral of e'"*a{v)~^. □ 

Let us finally prove proposition 14.11 . 



4.1. The proof of proposition I4.lt all harmonic forms are tan- 
gential, closed and coclosed. We may write 

ujQ = ^dd\zf + 2idp' aW 

for a certain function p'of po- The forms 2~^^'^dzi and 2^^'^dp' together 
define a orthonormal frame of (1,0)— forms. However, we will use the 
orthogonal frame consisting of all dzi and dp' in order not to clutter the 
formulas. A dual frame of (1,0)— vector fields is obtained as 

(4.6) := — ,2 = l,2,...,n iV := m^/^ 

ozi aw ow 

where Zi is tangential to the level surfaces of p, while is a complex 
normal vector field. We decompose any form a as 

a = ax + CiN = fidzj + dp A g^''^^^ 

Similarly, we decompose the d— operator acting on the algebra of forms 

fi°'*(Xo) as 

n-l 

(4.7) d = d^ + d^ =J2'^id~i^+^^^^ 

1=1 

where the vector fields etc act on forms over Xq by acting on the 
coefficients where dziA etc denotes the operator acting on forms on X, 
obtained by wedging with dz^. The adjoint operator will be denoted by 
d'Zi*. Note that the expression for d is independent of the ordering of the 
operators, since the elements in the corresponding frame of (0, 1)— forms 
are 9— closed. We denote by and A^v the corresponding Laplace 
operators, i.e. 



At = OtOt + Ot Ot, A^v = 0^0^ + d^, 



Recall that a is said to satisfy (9— Neumann boundary conditions if dp' applied 
to a and da vanishes on the boundary of Xq, or equivalently if and 
(5a) AT vanishes there. 
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Lemma 4.6. Denote by Z*and N*the formal adjoint operators of the 
operators Ziand N acting on f2°'*(Xo). Then 

(a o \ i — ^ i ^ 



Moreover, if the form a has relatively compact support in Xq then for any 
form smooth form [3 in Xq we have that {Ot a, /?) = (a, drf^) and if fur- 

— * 

thermore a satisfies d— Neumann boundary conditions, then {d^ oi^(3) = 
{a, 0^(3) (in terms of the formal adjoint operators). 

Proof. It is clearly enough to prove for the action of the operators on 
smooth functions with compact support (i.e we write a = f and (3 = g, 
where / and g are smooth functions with compact support). To prove 
the first statement in 14.81 it is, using Leibniz rule, enough to show that 

(Z:(/^e-'^°)(^o)n = 

X 

But this follows from Stokes theorem since the integrand can be written 
constant times the form 

d{fge~'^°a~^{f\ dzj A d'z]) A dzi A dw A dw), 

using that Zi{a^^) = 0, since Zi is tangential. Similarly, to prove the 
second statement in 14. 81 it is enough to observe that 



d{fge-^°a-^'^{dd l^l^)""^ A dw) = 0, 

X 

by Stokes theorem. Indeed, we have that := — ia^/^^, so the state- 
ment now follows from Leibniz' rule. Finally, the last two statements 
follow from the arguments above, since the boundary integrals obtained 
from Stokes theorem vanish. □ 

Lemma 4.7. The d—Laplacian A acting on Q^'*{Xq) decomposes as 

A = At + An. 

Proof. Expanding with respect to the decomposition HTTI we just have to 
show that the sum of the mixed terms 



{dNdr + dx On) + (On dr + OtOn ) 

vanishes. Let us first show that the first term vanishes. Observe that the 
following anti-commutation relations hold: 

c/I^ A df/* + 'dp'*d~iA = 0. 

Indeed, this is equivalent to the corresponding forms being orthogonal. 
Using this and the expansion 14.71 we get that 

Jd^^* + d^*d^) = ^[iV, Z*]W*d-, A . 

i 

But this equals zero since the commutators [N , Z*] vanish, using the 
expressions in lemma Hl^ To see that the second terms vanishes one can 
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go through the same argument again, now using that the commutators 
[N*,Zi] vanish. □ 

We will call a sequence Xi of non-negative functions on Xq a relative 
exhaustion sequence if there is sequence of balls Br- centered at the origin 
and exhausting C", such that Xi is identically equal to 1 on -Bi?./2 and 
with support in Bn.. Moreover, if the metric uo is such that the sequence 
Xi can be chosen to make \dxi\ uniformly bounded then (Xo,ci;) is called 
relatively complete. The point is that when {Xq,uj) is relatively complete, 
one can integrate partially without getting boundary terms "at infinity". 
For a complete manifold this was shown in [12] and the extension to the 
relative case is straightforward. 

Lemma 4.8. Suppose that {Xq,uj) is relatively complete. Then there is 
a relative exhaustion sequence Xiof Xosuch that, if a is a smooth form in 
L'^{Xo),then 

\im{xi^TOi,a) = {dx a, (9t a) + {dT0i.,dT0i). 

i 

Moreover, if a satisfies d— Neumann boundary conditions on OXq, then 
(4.9) \im{xi'^NOi,a) = {On a, On a) + (Satq;, (9Ara). 

i 

Proof. Since {Xo,u) is relatively complete, following section I.IB in [Tn| 
it is enough to prove the statements for a form a with relatively compact 
support, with Xi identically equal to 1 (this is called the Gaffney cutoff 
trick in Assuming this, the first statement then follows immedi- 

ately from lemma Em To prove the second statement we assume that a 
satisfies 9— Neumann boundary conditions, i.e. aN = {da)N = on dXo. 
According to lemma ITHl the first term in the right hand side of 14. 91 may 
be written as (^at^at a, a), since aN = on dXo by assumption. To show 
that the second term may be written as {d^fdNd, a) we just have to show 
that (c?Ara)Ar = on OXq. To this end, first observe that ^atq? = dN^T and 
{da)N = Otoln + d^aT- Now, by assumption {da)^ = on OXq. Comb- 
ing this with the previous two identities we deduce that djya = —dxCiN 
on dXo. But ttN = on dXo and dr is a tangential operator, so it follows 
that dT^N = on dX^. This proves that (^Ara;)^? = on dXQ. □ 

Finally, to finish the proof of proposition 14.11 first observe that the 
model metric uq corresponding to a(po) = (1 ~Po)^ is relatively complete. 
Now take an arbitrary form a in TC^''^{Xo, (j)o). Then (xjAa;,a) = for 
each i. Hence, using lemma HTTI together with lemma lH^ we deduce, after 
letting i tend to infinity, that 

2 



2 



(4.10) = + 



|(9jva||^ 



d]\f a 



In particular, On a vanishes in Xq. If we write = dp A gjdzj this 
means that 

N*9i = 
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in Xq for all /. Moreover, since a satisfies 9— Neumann boundary con- 
ditions, each function ^f/vanishes on the boundary of Xq. It follows that 
(7/ = in all of Xq. Indeed, let g'j := a{p)~^f'^'gi and consider the restric- 
tion of g'j to the half planes in C obtained by freezing the Zi— variables. 
Then g'j is holomorphic in the half plane, vanishing on the boundary. It 
is a classical fact that g'j then actually vanishes identically. Moreover, 
14.101 also gives that a is d— closed and coclosed. This finishes the proof 
of proposition 14. 11 

5. Contributions from the three boundary regions 

In this section we will estimate the integral of the Bergman function 
over the three different boundary regions. The contribution from the 
inner part of X was essentially computed in |3]. 

5.1. The first region. Recall that the first region is the set where p > 
—R/k). Fix a point a in dX and take local holomorphic coordinates 
(z, w)^ where z is in C"~^ and w = u + iv. By an appropriate choice, we 
may assume that the coordinates are orthonormal at and that 

(5.1) piz,w) = Pi \zi\^ + 0{\{z,w)f') =: poiz,w) + 0{\{z,w)\^). 

1=1 

In a suitable local holomorphic trivialization of L close to the boundary 
point (T, the fiber metric may be written as 

n-1 

<P{z) = + 0{\w\)0{\z\) + 0{\w\^) + 0(|(z, ^)|^). 

Denote by the holomorphic scaling map 

F,{z,w) = {z/k^l\w/k), 

so that 

is a sequence of decreasing neighborhoods of the boundary point a, where 
Anfc denotes the polydisc of radius Infc in C". Note that 

in a certain sense, where Xq is the model domain with defining function 
pQ. On F^^(Xfc) we have the scaled metrics F^kuk and F^kcj) that tend 
to the model metrics ojq and 0o on Xq, when k tends to infinity, where 

n-1 

(5.2) ujQ = -dd \zf + a{pQ)~^2idpQ A dpQ and (I)q{z) = ^ XijZiZ], 

for a smooth function a(po) that is positive on ] — cxd, 0]. The factor 0(^0), 
and hence the model metric uq, really depends on the number R (used 
in the definition of the boundary regions). However, the dependence on 
R will play no role in the proofs, since R will be fixed when k tends to 
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infinity. The space of "model" harmonic forms in L'^{Xq, Uq, 0o) satisfying 
9— Neumann boundary conditions will be denoted by TC{Xq, 4>o)). 

Lemma 5.1. For the component-wise uniform norms on F^^(Xjt) we 
have that 

WF^kuk - uJoW^ 

IIW-0olL ^ 

and similarly for all derivatives. 

Proof. The convergence for p and (f) is straightforward (compare 0) and 
the convergence for cok will be showed in section 15.41 once ujk has been 
constructed. □ 

The Laplacian on F^^(X) taken with respect to the scaled metrics 
will be denoted by A^'^) and the corresponding formal adjoint of d will be 

denoted by d . The Laplacian on Xq taken with respect to the model 
metrics will be denoted by Aq. Because of the convergence property of 
the metrics above it is not hard to check that 

(5.3) AW = Ao + £fcPfc, 

where is a second order partial differential operator with bounded 
variable coefficients on F^^(Xfc) and is a sequence tending to zero 
with k. Next, given a (0, g)— form ak on Xk with values in L^, define the 
scaled form a^''^ on F^^(Xfc) by 

a« := F^ak. 

Then 

(5.4) Fnakf = \a^'^\\ 

where the norm of ak is the one induced by the metrics kuk and kcj) 
and the norm of the scaled form a^''^ is taken with respect to the scaled 
metrics F^kuk and F^kcp. This is a direct consequence of the definitions. 
Moreover, the next lemma gives the transformation of the Laplacian. 

Lemma 5.2. The following relation between the Laplacians holds: 

(5.5) A^'^a^"^ = {AkakY'\ 

Proof. Since the Laplacian is naturally defined with respect to any given 
metric it is invariant under pull-back, proving the lemma. □ 

In the following, all norms over Fj^-^^Xk) will be taken with respect 
to the model metrics uoq o,nd 0o- The point is that these norms anyway 
coincide, asymptotically in /c, with the norms defined with respect to the 
scaled metrics used above, by the following lemma. 

Lemma 5.3. We have that uniformly on F^^[Xk) 



FkWk\ 

\W\\x, 
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Moreover Jor any sequence Oj. of uo^— orthonormal bases of direction 
forms in A°'''(X)2. at Fk{x), there is a bases of uoq— orthonormal direc- 
tion forms at x, such that the following asymptotic equality holds, when 
k tends to infinity: 



Ft 



a)/ 



for each index I. 



Proof. The lemma follows immediately from 15.41 and the convergence of 
the metrics in the previous lemma. □ 

Now we can prove the following lemma that makes precise the state- 
ment that, in the large k limit, harmonic forms are harmonic with 
respect to the model metrics and the model domain on a small scale 
close to the boundary of X. 

Lemma 5.4. Suppose that the boundary of X satisfies condition Z{q) 
(see remark\T^ . For each k, suppose that a^'^'^ is a d— closed smooth form 

on Fj^^{Xk) such that d ^'^''a^'^^ = and that a*^*^^ satisfies d— Neumann 
boundary conditions on F^^{dX). Identify a^''^ with a form in L'^{C"') by 
extending with zero. Then there is a constant Cr independent of k such 
that 



sup W^^? <CR\\a^^^"^ 



DR{^F-\Xk). 



D2R[\F-^(Xk) 



Moreover, if the sequence of norms ||'^*'^^ ^'^ bounded, then there 

subsequence of ja*^'^-'} which converges uniformly with all derivatives 



IS a 



on any compactly included set in Xq to a smooth form P, where [3 is in 
Ti.'^''^{Xo). The convergence is uniform on Dfi f]Ff7^{Xk). 

Proof. Fix a k and consider the intersection of the polydisc Dr of radius R 
with F^^(Xfc). It is well-known that the Laplace operator A'^'^^ acting on 
(0, q)— forms is sub-elliptic close to a point x in the boundary satisfying 
the condition Z{q) (see tl^). In particular, sub-elliptic estimates give 
for any smooth form P^''^ satisfying 9— Neumann boundary conditions on 
F^\dX) that 
(5.6) ^ 

where the subscript m indicates a Sobolev norm with m derivatives in 
and where the norms are taken in F^^(X) with respect to the scaled 
metrics. The /c— dependence of the constants Ck,R comes from the bound- 
ary Fj^^{dX) and the scaled metrics F^kuju and F^kcj). However, thanks 
to the convergence of the metrics in lemma 15.11 one can check that the 
dependence is uniform in k. Hence, applying the subelliptic estimates 15. 61 
to a'^^'^ we get 



(5-7) ll«^'^HLn..-..w<^i^ll«^'^"' 
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and the continuous injection L^'' ^ / > n, provided by the Sobolev 
embedding theorem, proves the first statement in the lemma. To prove 
the second statement assume that I|q;'^''^|| „_i,„- is uniformly bounded in 

II IIFj^ {X} 

k. Take a sequence of sets Kn, compactly included in Xq, exhausting Xq 
when n tends to infinity. Then the estimate 15.61 (applied to polydiscs of 
increasing radii) shows that 

Since this holds for any m > 1, Rellich's compactness theorem yields, for 
each n, a subsequence of {a'^'^^}, which converges in all Sobolev spaces 
L'^'^Kn) for / > for a fixed n. The compact embedding L^'' ^ C^, k > 
n + ip, shows that the sequence converges in all C^^Kn). Choosing a 
diagonal sequence with respect to k and n, yields convergence on any 
compactly included set K. Finally, we will prove that the limit form [3 
is in 7i(Xo). First observe that by weak compactness we may assume 
that the sequence Ixo^*''^'' tends to {3 weakly in L^(C"), where l^o is the 
characteristic function of Xq and /3 is extended by zero to all of C". In 
particular, the form [3 is weakly 5-closed in Xq. To prove that /? is in 
7i(Xo) it will now be enough to show that 

(5.9) (/?,ar/)xo = 

for any form rj in Xq that is smooth up to the boundary and with a 
relatively compact support in Xq. Indeed, it is well-known that {3 then 
is in the kernel of the Hilbert adjoint of the densely defined operator d. 
Moreover, the regularity theory then shows that [3 is smooth up to the 
boundary, where it satisfies 9— Neumann boundary conditions (actually 
this is shown using sub-elliptic estimates as in l5.6jl jUlIIl]. To see that 
15.91 holds, we write the left hand side, using the weak convergence of 
lxoQ^*''^\ as 

(5.10) lim(a«,ar^)xo = Yim{a('\dr,)^^^^p-.^^y 

Extending to a smooth form on some neighborhood of Xq in C" we 
may now write this as a scalar product, with respect to the scaled met- 
rics, over F^^{X), thanks to the convergence in lemma EH] of the scaled 
metrics and the scaled defining function. Since, a'^^^ is assumed to satisfy 
9— Neumann-boundary conditions on F^^{dX) and be in the kernel of 
the formal adjoint of d, taken with respect to the scaled metrics, this 
means that the right hand side of 15.101 vanishes. This proves EIHl and 
finishes the proof of the lemma. □ 

The following proposition will give the boundary contribution to the 
holomorphic Morse inequalities in theorem 12. II 



Proposition 5.5. Let 



Ir := limsup / S^'^c^n 

k J-p<Rk-^ 
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Then 

limsup/fl <(-!)«(—)" / [ {e + tC)„-iAdpAdt 

R 27r Jqx JT{q)p,^ 

where T{q)p^x = {t > : index{Q + tC) = q along T^''^{dX)x} ■ 

Proof. We may assume that the boundary of X satisfies condition Z{q) 
(compare remark Using the expression 12.11 for the metric Uk, the 

volume form {ujk)n may be written as ak{p)~^{ujT)n-i A2idp Adp. Hence, 
Ir can be expressed as 

hmsup / {ujT)n-i A2idp / ak{p)^^Bxdp 

k JdX J~R/k 

Now, fix a point in the boundary of X and take local coordinates as in 
the beginning of the section. To make the argument cleaner we will first 
assume that the restriction of p to the ray close to the boundary where 
z and the real part of w vanish, coincides with v. Then, after a change 
of variables, the inner integral along the ray in the first region becomes 

(5.11) 1/k / ak{v/k)-^Bf{v/k)dv. 



Moreover, by the scaling properties of the metrics kuJk in lemma EH] we 
have the uniform convergence 

kokiv/k) a{y). 

on the segment [0, i?] (see also section . Thus, 

//J = limsup / {ijJT)n~i A2idp / a{v)'^Bx''{v/k)dv. 
k JdX Jo 

Let us now show that 

(0 BfiO,^v/k) < Bl^{0,tv) 



(5.12) 



ii) Bf{0,w/k) < C_ 



R 



We first prove (i) . According to the extremal property 13.41 it is enough 
to show that 

(5.13) ^^l(0,Wfc)<5l,,((0,zt;) 

for any sequence of direction forms 9k at (0, iv/k) as in lemma lOl Given 
this, the bound 15.121 is obtained after summing over the base elements 
9k- To prove l5T3l we have to estimate 

|afc,efc(0, w/fc]^, 

where ak is a normalized harmonic form with values in L'^ that is extremal 
at {0,iv/k) in the direction 9k. Moreover, it is clearly enough to estimate 
some subsequence of a^. By lemma IF]3l it is equivalent to estimate 

a^^^O, iv) 
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where the scaled form a^'''' is defined on F^^(Xfc) and extended by zero 
to all of Xq. Note that, according to lemma l573l the norms of the sequence 
of scaled forms a^'^^ are asymptotically less than one: 

(5.14) ||aW||^_.(^)~||a,||i^<l, 

since the global norm of is equal to one. Hence, by lemma lOl there 
is a subsequence a^''^^ that converges uniformly to /3 with all derivatives 
on the segment < f < i? in Xq and where the limit form f3 is in 
TC'^''^{Xo, (po) and its norm is less than one (bv l5.14ll . This means that 



Since the limit form (3 is a contender for the model extremal function 
S'^^ 5,(0), this proves I5.13L and hence we obtain (i). To show (ii), just 
observe that lemma lOl savs that there is a constant Cr such that there 
is a uniform estimate 

la^'Ko^tv)]' <Cr, 

By the extremal characterization EiH of B'^^ this proves (ii). Now using 
15.211 and Fatou's lemma to interchange the limits, Ir may be estimated 
by 

p POO 

(5.15) / (/ 5i^(0,^t;)Mn, 

JdX Jo 

in terms of the model metric Uq on Xq. By theorem 14.51 this equals 
(7^)"(-l)' / / (-9900 + tddpo)n-i A dp A dt. 

JdX JT(q) 

This finishes the proof of the proposition under the simplifying assump- 
tion that the restriction of p to the ray close to the boundary coincides 
with the restriction of v. In general this is only true up to terms of or- 
der O \ {z,w)^ , given the expression 15.11 To handle the general case one 
writes the integral 15.111 as 

(5.16) l/k ! akBfdv, 

Jik 

where Ik is the inverse image under of the ray in the first region 
determined by the fixed point in the boundary. Clearly, Ik tends to the 
segment [0, R] in Xq obtained by keeping all variables except v equal to 
zero. Moreover, since the sequence above converges uniformly with 
all derivatives on DRf]F^^{Xk) it forms an equicontinous family, so the 
same argument as above gives that 15.161 may be estimated bv 15.151 This 
finishes the proof of the proposition. □ 

5.2. The second and third region. Let us first consider the second 
region, i.e. where — l//c^/^ < P < —R/k. Given a k, consider a fixed 
point (0, if) = (0,i/c~*), where 1/2 < s < 1. Any point in the second 
region may be written in this way. Let {z', w') be coordinates on the unit 



|2 
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polydisc D. Define the following holomorphic map from the unit polydisc 
D to a neighborhood of the fixed point: 

so that 

Xk,s '■= Fk,s{D), 

is a neighborhood of the fixed point, staying away from the boundary of 
X. On D we will use the scaled metrics F^,,ku!k and kF^,,k(f) that have 
bounded derivatives and are comparable to flat metrics in the following 
sense: 



(5.17) 



C-^loe < F^^kujk < Cue 



where uje is the Euclidean metric. Note that the scaling property of Uk 
is equivalent to 

(5.18) C-^kp^ < ak{p) < Ckp^. 

These properties will be verifled in section 15.41 once ujk is deflned. The 
Laplacian on D taken with respect to the scaled metrics will be denoted 
by A*^^'"*) and the Laplacian on Xq taken with respect to the model metrics 
will be denoted by Aq. Next, given a (0,g)— form ak on X^ with values 
in L*^, define the scaled form a^''^ on D by 

a^''^^ := Fl,a,. 

Using I5T7I one can see that the following equivalence of norms holds: 



(5-19) 

\D - - - II- IID 

In the following, all norms over FfTliX^ s) will be taken with respect to 
the Euclidean metric uie and the trivial fiber metric. 

Proposition 5.6. Let 



IIr := limsup / B%^[uJk}n 

k jRk-^<-p<k-l/'^ 



Then 



lim IIr = 0. 

R 



Proof. Fix a k and a point (0, iv) = (0, ik ''), where s is in [1/2, 1[. From 
the scaling properties 15. 181 of ui. it follows that at the point {0,ik~^) 

ujI < Ck^^'-'^u''. 

Next, observe that 

(5.20) Bf{0,ik-')<C 
Accepting this for the moment, it follows that 
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since we have assumed that v = . Hence, the integral in IIr may be 
estimated by 

/ Ck'' v-^dv = Ck-\R-'k-k'/^) 

JdX 

which tends to CR~^ when k tends to infinity. This proves that IIr 
tends to zero when R tends to infinity, which proves the proposition, 
given I5.2()[ 

Finally, let us prove the claim EI2I1 For a given k consider the point 
(0, ik~'^) as above. As in the proof of the previous proposition we have 
to prove the estimate 

(5.21) |afc(0,iA;~')|^ < C, 

where is a normalized harmonic section with values in that is 
extremal at (0,i/c~'^). By the equivalence of norms EUll it is equivalent 
to prove 

|a(M(o)|' < C, 

where the scaled form a'^^'^^ is defined on D. Note that, according to 15. 191 

(5.22) ||a('='^)||^~||a,||^^<C, 

since the global norm of afc is equal to 1. Moreover, a simple modification 
of lemma lOl gives 

on D. Since A*^'^''*) is an elliptic operator on the polydisc D, inner elliptic 
estimates (i.e. Garding's inequality) and the Sobolev embedding theorem 
can be used as in |3| to get 



\a 



(k) 



(O)l' < 



D 



where the constant C is independent of k thanks to the equivalence 15.171 
of the metrics. Using l5^22l we obtain the claim 15^211 □ 

Let us now consider the third region where —e<p< —k~^/'^. 

Proposition 5.7. Let 

Then 

III, = 0{e). 
Proof. We just have to observe that 

k'^'Bf < C, 

when p < —k~^/'^. This follows from inner elliptic estimates as in the 
proof of the previous proposition, now using s = 1/2 (compare jl|). □ 
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5.3. End of the proof of theorem 12.11 (the weak Morse inequaH- 
ties). First observe that 

(5.23) 

/ Bf{uk)n<{-lf{^T I [ dt{dd<f) + tddpr-'Adp + o{e). 

Jo<-p<e JdX JT{q) 

Indeed, for a fixed R we may write the hmit of integrals above as the 
sum Ir + IIr + I He- Letting R tend to infinity and using the previous 
three propositions we get the estimate above. Moreover, we have that 

(5.24) / Bf<[ 

JXe J x^ 

where denotes the set where — p is larger than e. This follows from 
the estimates 

Bf^n < (^)"(-l)nx(,)(990)„ and Bf < C in X„ 

proved in [4j. Finally, writing dime liP''^{X, L'^) as the sum of the integrals 
in 15.231 and 15.241 and letting e tend to zero, yields the dimension bound 
in theorem 12.11 for the space of harmonic forms. By the Hodge theorem 
we are then done. 

5.4. The sequence of metrics uj^. In this section the metrics ujk will 
be defined and their scaling properties, that were used above, will be 
verified. Recall that we have to define a sequence of smooth functions 
such that the metrics 

uj}^ = ujt + ak{p)~'^2idp A dp, 

have the scaling properties of lemma l5.1l in the first region and satisfv l5T7l 
in the second region. First observe that the tangential part ut clearly 
scales the right way, i.e. that F^kux tends to ^dd\zf . Indeed, since 
the coordinates {z,w) are orthonormal at the forms ut and ^dd\zf 
coincide at 0. Since ^dd \zf is invariant under F^k the convergence then 
follows immediately. We now consider the normal part of Uk and show 
how to define the functions Ofc. Consider first the piecewise smooth func- 
tions Ofc where Ofc is defined as R^/k in the first region, as kp"^, in the 
second region and as 1 in the third region and on the rest of X. Then 
it is not hard to check that Ofc satisfies our demands, except at the two 
middle boundaries between the three regions. We will now construct 

^ _ ~2 ~ 

as a regularization of ak- To this end we write = kbk , where bk is 
defined by 

Rk-\ -p < Rk~^ 
-p, Rk-^ <-p< k-^/"^ 
k-^/\ -p < A;-i/2 

in the three regions. It will be enough to regularize the sequence of contin- 
uous piecewise linear functions hk- Decompose hk as a sum of continuous 
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piecewise linear functions 

where bi^k is determined by linearly interpolating between 

hAo) = 1 = 1 hAk'/yn) = Kkioo) = 

and 62,fc is determined by 

hkiO) = \k{Rk-^'^) = = 1 ^2,fc(oo) = 1 

Now consider the function bk obtained by replacing bi^k and b2,k with the 
continuous piecewise linear functions bi and 62? where bi is determined 
by 

61(0) = 1 61(1/2) = 1 61(1) = 61(00) = 0, 

and 62 is determined by 

62(0) = 62(1) = 1 b{oo) = 1 . 

Finally, we smooth the corners of the two functions bi and 62. Let us 
now show that the sequence of regularized functions bk scales in the right 
way. In the first region we have to prove that lemma EH] is valid, which 
is equivalent to showing that there is a function bo such that 

(5.25) kbk{t/k) bo 

with all derivates, for t such that < t < Rln/c. From the definition we 
have that 

(5.26) kbk{t/k) = Rbi{t/R) + t, 

which is even independent of k, so 15.251 is trivial then. Next, consider 
the second region. To show that 15.171 holds we have to show that, 
for parameters s such that 1/2 < s < 1, the t— dependent functions 
k^bkiX/k'^ + t/2k^) (where \t\ < 1) are uniformly bounded from above 
and below by positive constants and have uniformly bounded deriva- 
tives. First observe that in the second region the sequence of functions 
may be written as 

k'-^/%2il/k^^^-' + t/2k^/^-'), 

and it is not hard to see that it is bounded from above and below by 
positive constants, independently of s and k. Moreover, differentiating 
with respect to t shows that all derivatives are bounded, independently 
of s and k. All in all this means that we have constructed a sequence of 
metrics Uk with the right scaling properties. In particular, 15.261 shows 
that the factor a~^(po) in the model metric ur, 15.21 satisfies 

Cj,\l - po)-^ < a-\po) < Cr{1 - po)-^ 
for some constant Cr depending on R. 
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Part 2. The strong Morse inequalities and sharp examples 

6. The strong Morse inequalities 

We will assume that the boundary of X satisfies condition Z{q) (com- 
pare remark IQI . We will use the same notation as in section [H Let /i^ 
be a sequence tending to zero. Denote by 7^<'^^(X) the space spanned by 
the (0, g)— eigenforms of the Laplacian A, with eigenvalues bounded by 
/ifc. The forms are assumed to satisfy 9— Neumann boundary conditions 
and they will be called low energy forms. Since we have assumed that 
condition Z{q) holds, this space is finite dimensional for each k Re- 
call that the Laplacian is defined with respect to the metric kojk, so that 
the eigen values corresponding to /i^ are multiplied with k if the metric 
ujk is used instead. 

We will first show that the weak holomorphic Morse inequalities are 
equalities for the space HP^^^^X) of low energy forms. When X has no 
boundary this yields strong Morse inequalities for the truncated Euler 
characteristics of the Dolbeault complex with values in L'^ . However, 
when X has a boundary one has to assume that the boundary of X has 
either concave or convexity properties to ensure that the corresponding 
cohomology groups are finite dimensional, in order to obtain strong Morse 
inequalities. 

The Bergman form for the space 7i<^^(X) defined as in section El will 
be denoted by By L^(X) we will denote the Sobolev space with 

m derivatives in LP'^X) and a subscript m on a norm will indicate the 
corresponding Sobolev norm. The essential part in proving that we now 
get equality in the weak Morse inequalities is to show that the estimate 
on the Bergman form 15.121 in the proof of proposition 15.51 becomes an 
asymptotic equality, when considering low energy forms. The rest of the 
argument is more or less as before. 

Let us first prove the upper bound, i.e. that the low energy Bergman 
form lB<^j. is asymptotically bounded by the model harmonic Bergman 
form. 

Proposition 6.1. We have that 

Bl^^^eS^^iv/k)<BxU^,v) 

and the sequence B'^^^{0,iv/k) is uniformly bounded in the first region. 

Proof. Let ak be a sequence of normalized forms, such that ak is an 
extremal for the Hilbert space 7i<^^(X) at the point {0,iv/k) in the di- 
rection 9k. In the following all norms will be taken over F^^(X). Observe 
that by the invariance property in lemma lF]2l of the Laplacian, the scaled 
form a*^'^^ satisfies 

(6.1) IKaC^')^^')!!' -^0 
for all positive integers p. Let us now show that 

(6.2) ||A('=)a('=)||' ^0 
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for all non-negative integers m. First observe that (A*^'''))^^*^'^^ satisfies 
9— Neumann boundary conditions for all p. Indeed, by definition all forms 
in the space H<^^{Xq) satisfy 9— Neumann boundary conditions and 
since A preserves this space, the forms (A)^^^ also satisfy 9— Neumann 
boundary conditions for all p. By the scaling of the Laplacian this means 
that the forms {A^'^'^ya^'^^ satisfy (9— Neumann boundary conditions with 
respect to the scaled metrics. Now applying the subelliptic estimates 15.61 
to forms of the type (A*^^))^^*^'^) one gets , using induction, that 



m+l 

|2 



|A«a('=)||^<c5^||(AW) 



Combining this with 16.11 proves 16.21 Now the rest of the argument pro- 
ceeds almost word for word as in the proof of the claim l5?T2l in the proof 
of proposition 15.51 The point is that the limit form /? will still be in 
H(Xn). thanks tolO □ 

Let us now show how to get the corresponding reverse bound for . 
We will have use for the following lemma. 

Lemma 6.2. Suppose that (3 is a normalized extremal form for Ti.^''^ {Xo, 0o) 
at the point (0, ivo) in the direction 6. Then 

(6.3) |/3,(0,zt;o)|' = -^ / Bt,e{z,z)e'^%ty^dt. 

with notation as in lemma \J^\ Moreover, [3 is in L^(Xo) for all m. 

Proof. Let Xq be the point (0, ivo) in Xq. Since (3 is extremal we have, 
according to section O that 1/3^(0, ifo)|^ = -Bxo,e(0, '^t'o), which in turn 
gives 16.31 according to lemma To prove that [3 is in L^(Xo) for all 
m, we write (3 as 

^{z,w)= I Pt{z)ei'"'dt, 

JT(q) 

in terms of its Fourier transform as in section |3| Recall that we have 
assumed that condition Z{q) holds on the boundary of X, so that T(g) 
is finite. Using proposition 14.31 we can write 



d' 



w 



2 



= 47r 



d^-^f3t{z) e%t)dt 



2 



2li 

t 



where d^'^ denotes the complex partial derivatives taken with respect to 
^jand 'Zj for i and j in the multi index set / and J, respectively. Since, by 
assumption, (3 is in L^(Xo) the integral converges for / = with I and J 
empty. Now it is enough to show that (3t is in L^(C", tip + fj)) for all t and 
positive integers m. To this end we will use the following generalization 
ofFOl 

(6.4) \K,,eiy)f = \Piy)f Bg{x) 
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if (3 is an extremal form at the point x, in the direction 6 (compare 
[H]). By lemma HiH the Fourier transform of K^ e evaluated at t is pro- 
portional to ]K^,0,t where ^ ^ is the Bergman kernel form for the space 
H°''^(C"'~^, tip+(f)) at the point z (and x = {z, w)) in the direction 9. In ^ 
it was essentially shown that ^ ^ is in L^(C", tip + 0) (more precisely: 
the property was shown to hold for the corresponding extremal form). 
Hence, the same thing holds for /3f, according to 16.41 which finishes the 
proof of the lemma. □ 

Now we can construct a sequence of approximate extremals for the 
space 'H<^^k{.X) of low energy forms. 

Lemma 6.3. For any point xo,fc = (0, ivo/k) and direction form 9 in the 
first region there is a sequence {at} and direction forms 9ksuch that ak 
is in r]0''?(X, L'') and 

(z) \ak,ek{0,ivo/k)f ~ Bxo,9{0,ivo) 
{ii) \Wk\\\ ~ 1 



[III] 



2 
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{iv) {Aak,ak)x < h\\ak\ 

where 6k is a sequence, independent of x^^k, tending to zero, when k tends 
to infinity. Moreover, ak satisfies d— Neumann boundary conditions on 
dX f]Ff7^{D), where D is a polydisc in C^centered at 0. 

Proof. Consider a sequence of points Xo,a; that can be written as (0, ivo/k) 
in local coordinates as in section 15.11 Let us first construct a form ak 
with the properties (i) to (iv). It is defined by 

where Xk{z,'w) = xi^/ ^^k,w/ Ink) for x ^ smooth function in C" that 
is equal to one on the polydisc D of radius one centered at 0, vanishing 
outside the polydisc of radius two and where /3 is the extremal form at the 
point (0, fo) in the direction 9 from the previous lemma. The definition 
of ak is made so that 

= XkP 

We have used the fact that the form (3 extends naturally as a smooth 
form to the domain Xs with defining function pQ — S, to make sure that 
ak is defined on all of X. The extension is obtained by writing /3 in terms 
of its Fourier transform with respect to t as in the proof of the previous 
lemma: 

(3iz,w)= I Pt{z)e-i^'dt, 

JT(q) 

In fact, the right hand side is defined for all w since we have assumed 
that condition Z{q) holds on the boundary so that T(g) is finite. Note 
that the L^— norm of (3 over Xs tends to the L^— norm of [3 over Xq 
when 5 tends to zero, as can be seen from the analog of proposition 
14.31 on the domain X^. Indeed, the dependence on 5 only appears in the 
definition of 6(t), where the upper integration limit is shifted to 5. Now 
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the statements (i) and (ii) follow from the corresponding statements in 
the previous lemma. To see that (m) holds, first observe that 

d =d + EkV, 

where 15 is a first order differential operator with bounded coefficients 
on the ball -B/„fc(0) and Ek is a sequence tending to zero. Indeed, this is 
a simple modification of the statement 15.31 Moreover, by construction 
{d + d )/3 = 0. Hence, Leibniz rule gives 

+ <4||/3|li + ||Mx.|/3|| 

The first term tends to zero since /3 is in L^(Xo) and the second terms 
tends to zero, since it can be dominated by the "tail" of a convergent 
integral. The estimates for m > 1 are proved in a similar way (compare 
IH). Finally, to prove (iv) observe that by the scaling propertv 15.51 for 
the Laplacian 



2 



{Aak,ak)x= {d + d)ak = {d + d 

By (ii), the norm of tends to one and the norm in the right hand 

side above can be estimated as above. To see that 5k can be taken to be 
independent of the point Xo^k in the first region, one just observes that the 
constants in the estimates depend continuously on the eigenvalues of the 
curvature forms (compare [Ij). Finally, consider a polydisc D in C" with 
small radius. We will perturb ak slightly so that it satisfies 9— Neumann 
boundary conditions on dX [^F^^{D) while preserving the properties 
{%) to {iv). Recall that a form 9— closed form rjk satisfies 9— Neumann 
boundary conditions on dX if 

(6.5) dp^T^k = 0, 

where dp is the fiber-wise adjoint of the operator obtained by wedging 
with the form dp, and where the adjoint is taken with respect to the 
metric ujk on X. Equivalently, 

where the adjoint is taken with respect to the scaled metrics. By con- 
struction we have that a^''^ is (9— closed on F^^{D) and 

(6.6) Wo^'c,''^'^ = 0, 

where now the adjoint is taken with respect to the model metrics. Let 



u'^k) ■= -dikp^^'^dkp^^) a^^^) 

and let a^^^ := a^^"* + x'^^'^\ where x is the cut-off function defined above. 
Then, using that p vanishes on dX, we get that the 9— closed form a'^'^^ 
satisfies the scaled 9— Neumann boundary conditions, i.e. the relation l675l 
on dX. Moreover, using that kp^^"* converges to p with all derivatives on 
a fixed polydisc centered at (lemma l5T| and l6.6l one can check that u^^'' 
tends to zero with all derivatives in X^. Finally, since xw^'^-' is supported 
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on a bounded set in Xs and converges to zero with all derivatives it is 
not hard to see that Ok also satisfies the properties (i) to (iv), where 



By projecting the sequence of approximate extremals, from the 
previous lemma, on the space of low energy forms we will now obtain the 
following lower bound on 1B<^^ • 

Proposition 6.4. There is a sequence jj,k tending to zero such that 

Proof. The proof is a simple modification of the proof of proposition 5.3 
in |3]. Let {a^} be the sequence that the previous lemma provides and 
decompose it with respect to the orthogonal decomposition fl^''^{X, L^) = 
7i<^^(X, L'^)©H>^j.(X, L*^), induced by the spectral decomposition of the 
subelliptic operator A [H]: 



First, we prove that 
(6.7) 



lim 

k 



a 



(k) 



{0,iv] 



0. 



a 



a^i' the form a'^^ satisfies 9— Neumann boundary 



Since ag'^^ 

conditions on the intersection of the polydisc D with Fj^^{dX), using 
lemma lOl Subelliptic estimates as in the proof of lemma l6?I] then show 
that 



(6.8) 



ai'\0) <C{ 



a 



(k) 



Dr\F-\X) 



(A 



Dr]F-\aX),m 



for some large integer m. To see that the first term in the right hand side 

2 



tends to zero, we first estimate 



a. 



(k) 



with afe 2 V using the 

Df]F-\X) 

norm localization in lemma IF]3l Next, by the spectral decomposition of 
Afc : 

||a2,fc|lx < — (Afca2,fc, a2,k)x < — {^kOk, ak)x < — ^ 

f^k P-k fJ-k 

using property (iv) in the previous lemma in the last step. By property 
(ii) in the same lemma Ha/dlx asymptotically 1, which shows that the 
first term in 16.81 tends to zero if the sequence /i^ is chosen as 5^^^, for 
example. To see that the second term tends to zero as well, we estimate 



(A 



< 



|(A(fc)) 



a 



ik)\ 



+ 



The first term in the right hand side tends to zero by (m) in the previous 
lemma and so does the second term, using lOl (that holds for any scaled 
sequence of forms in 7f<^^(X, L'^). This finishes the proof of the claim 
O Finally, 

\immiBl^^{0,iv/k)e^ > |ai,fc(0)|g^ 
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and 

liminf |afc,i,0,(O)|' > 5xo,e(0, + 0, 

k 

when k tends to infinity, using 16771 and (i) in the previous lemma. □ 

Now we can prove that the Morse inequalities are essentially equali- 
ties for the space H<^^ (X, L^) of low-energy forms. But first recall that 

Ti^^^^^X^L^) depends on a large parameter i?, since the metrics ujk de- 
pend on R. 

Theorem 6.5. Suppose that X is is a compact manifold with boundary 
satisfying condition Z{q). Then there is a sequence fik tending to zero 
such that the limit o/ dimH<^^(X, L*^) when k tends to infinity is 
equal to 

(-1)''(7^)"( / ©n + / / (© + tC)r.-i A dp A dt) + en 

Jx{q) JdX JT{g)p,^ 

where the sequence tends to zero when R tends to infinity. 

Proof. The proof is completely analogous to the proof of theorem l2. 11 In 
the first region one just replaces the claim l57T2l in the proof of proposition 
15.51 bv the asymptotic equality for B'^^^{0,iv/k)e^. obtained by combing 
the propositions 16 . II and 16 . 41 Moreover, a simple modification of the proof 
of proposition 16.11 shows that there is no contribution from the integrals 
over the second and third region, when R tends to infinity, as before. 
Finally, the convergence on the inner part of X was shown in ([5]). □ 

Recall that the Dolbeault cohomology group L'') is isomorphic 

to the space of harmonic forms, which is a subspace of of 7i<^^(X, L''). 
Hence, the previous theorem is stronger than the weak Morse inequalities 
for the dimensions h'^^L^) of H^''^(X, L'^), theorem |2.11 When X has no 
boundary Demailly showed that, by combining a version of theorem 16.51 
with some homological algebra, one gets strong Morse ineqaulities for the 
Dolbeault cohomology groups. These are inequalities for an alternating 
sum of all /i*(L^) :s when the degree i varies between and a fixed degree 
g P). In fact, a variation of the homological algebra argument yields in- 
equalities for alternating sums when the degree i varies between a fixed 
degree q and the complex dimension n of X (the two versions are related 
by Serre duality). However, when X has a boundary one has to impose 
certain curvature conditions on dX to obtain strong Morse inequalites 
from theorem 16.51 . Indeed, to apply the theorem one has to assume that 
dX satisfies condition Z{i) for all degrees i in the corresponding range. In 
particular the corresponding dimensions will then be finite dimensional 
so that the alternating sum makes sense. Now, to state the strong holo- 
morphic Morse inequalities for a manifold with boundary, recall that the 
boundary of a compact complex manifold is called g— convex if the Levi 
form £ has at least n — q positive eigenvalues along T^'^{dX) and it is 
called g— concave if the Levi form has at least n — q negative eigenvalues 
along T^'^{dX) (i.e dX is g— convex "from the inside" precisely when it is 
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g— concave "from the outside"). We will denote by X{> q) the union of all 
sets X{i) with i> q and T(> g)p2, is defined similarly. The sets X{< q) 
and T(< q)p x are defined by puting i < q m the previous definitions. 
Finally, we set 

/(> q) ■■= (7^)"( / Qn + I I (e + ^^p^ dt) 

^TT JX(>q) JdX JT{>q)p,^ 

and define /(< n — 1 — q) similarly. 

Theorem 6.6. Suppose that X is an n— dimensional compact manifold 
with boundary. If the boundary is strongly q— convex, then 

n 
i=q 

If X has strongly q— concave boundary, then 

n—l—q 

{-lY'^y{L^) <I{<n-l- q)k'' + oik""). 

Proof. First note that if dX is g— convex, then dX satisfies condition 
Z{i) for i such that n — q < i < n. Similarly, if dX is g— concave, then 
dX satisfies condition Z{i) for i such that 0<i<n — q — 1. The proof 
then follows from theorem 16.51 and the homological algebra argument in 
|ni,[ini. See also and □ 

6.1. Strong Morse inequalities on open manifolds. One can also 
define g— convexity and g— concavity on open manifolds following An- 
dreotti and Grauert 0. First, one says that a function p is g— convex if 
iddp has at least n — g + 1 positive eigen values. Next, an open man- 
ifold Y is said to be g— convex if it has an exhaustion function p that 
is g— convex outside some compact subset K of Y. The point is that 
the regular sublevel sets of p are then g— convex considered as compact 
manifolds with boundary. The extra positive eigen value occuring in the 
definition of g— convexity for an open manifold is needed to make sure 
that iddp still has at least n — q positive eigen values along a regular 
level surface of p. Finally, an open manifold Y is said to be g— concave if 
it has an exhaustion function p such that —p is g— convex outside some 
compact subset K of Y. 

Now, by remark IT31 theorem 16.61 extends to any g— convex open man- 
ifold Y with a line bundle L if one uses the usual Dolbeault cohomology 
L^) (or equivalently the sheaf cohomology II*{Y, 0{L^)) and the 
curvature integrals are taken over a regular level surface of p in the com- 
plement of the compact set K. However, for a g— concave open manifold 
Y one only gets the corresponding result if n — g — 1 is replaced with 
n — g — 2. Indeed, by remark 11.31 one has to make sure that condition 
Z{i + 1) holds for the highest degree i occuring in the alternating sum. 
In this form the g— convex case and g— concave case was obtained by 
Bouche [2j and Marinescu jQ^, respectively, under the assumption that 
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the curvature of the line bundle L is adapted to the curvature of the 
boundary of X in a certain way. Comparing with theorem 16.61 their as- 
sumptions imply that the boundary integral vanishes. There is also a 
very recent preprint ITH] of Marinescu where strong Morse inequalities 
on a g— concave manifold with an arbitrary line bundle L are obtained. 
However, the corresponding boundary term is not as precise as the one 
in theorem 16.61 and in section [3 we will show that theorem 16.61 is sharp. 

Note that since the curvature integrals are taken over any regular 
level surface of p in F one expects that /(> q) and /(< n — 1 — q) are 
independent of the level surface. This is indeed the case (see remark rO|l . 

6.2. Application to the volume of semi-positive line bundles. 

The most interesting case when the strong Morse inequalities above apply 
is when X is a strongly pseudoconcave manifold X of dimension n > 3 
with a semi-positive line bundle L, i.e the Levi form £ is negative along 
along T^'°((9X) and the curvature form of L is semi-positive in X. Then 
one gets a lower bound on the dimension of the space of holomorphic 
sections with values in L'^. Namely, h^{L'') is asymptotically bounded 
from below by 

(6.9) I 0„+ / / (e+t/:)„_iA9pAcit)r+/ii(L^)+o(r) 
Jx{Q) J ax Jt{<i) 

In particular, if the curvatures are such that the coefficient in front of 
k'^ is positive, then the dimension of H'^{X,L^) grows as fc". In other 
words, the line bundle L is big then. For example, this happens when the 
curvature forms are conformally equivalent along the complex tangential 
directions, i.e. if there is a function / on dX such that 

(6.10) c = -/e 

when restricted to T^'°(5X) ®T°'^(c}X). In fact, by multiplying the orig- 
inal p by we may and will assume that / = 1. The lower bound 
16.91 combined with the upper bound from the weak Morse inequalities 
(theorem 12.111 then gives the following corollary. 

Corollary 6.7. Suppose that X is a strongly pseudoconcave manifold 
X of dimension n > 3 with a semi-positive line bundle L. Then if the 
curvature forms are conformally equivalent at the boundary 

h\L^) = k^{^r{ [ e„ + - / (z9ap)„_i A tdp) + o{k"). 
2vr Jx n Jgx 

When L is positive, the conformal equivalence in the previous corollary 
says that the symplectic structure on X determined by L is compatible 
with the contact structure of dX determined by the complex structure, 
in a strong sense (compare |13| ) and the conclusion of the corollary may 
be expressed by the formula 

(6.11) Vol(L) =Vol(X) + -Vol(aX) 

n 

in terms of the symplectic and contact volume of X and dX, respec- 
tively (where the volume of a line bundle L is defined as the lim sup of 
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(27r)"/c""/i°(L'^)). The factor ^ in the formula is related to the fact that 
if da) is a 2r2— dimensional real symplectic manifold with boundary, 
such that a is a contact form for dX^, then, by Stokes theorem, the 
contact volume of dX+ divided by n is equal to the symplectic volume 
of X+. In fact, this is how we will show that 16 .111 is compatible with hole 
filling in the following section. 

7. Sharp examples and hole filling 

In this section we will show that the leading constant in the Morse 
inequalities is sharp. When X is a compact manifold without bound- 
ary, this is well-known. Indeed, let X be the n— dimensional fiat complex 
torus C^/Ta^ + iZ" and consider the hermitian holomorphic line bundle 
La over determined by the constant curvature form 

n 

= ^ -Xidzi A dzi, 

i=l 

where Aj are given non-zero integers jTHI. Then one can show (see the 
remark at the end of the section) that 

(7.1) B'^{x) = ^lx(g)\det^e\, 

where ^x{q) is identically equal to one if exactly q of the eigenvalues Aj 
are negative and equal to zero otherwise. This shows that the leading 
constant in the Morse inequalities on a compact manifold is sharp. 

Let us now return to the case of a manifold with boundary. We let 
X be the manifold obtained as the total space of the unit disc bundle in 
the dual of the line bundle (where is defined as above) over the 
torus T"~^, where jji are n — 1 given non-zero integers. Next, we define 
a hermitian holomorphic line bundle over X. Denote by vr the natural 
projection from X onto the torus T"~^. Then the pulled back line bundle 
7r*Lx is a line bundle over X. The construction is summarized by the 
following commuting diagram 

1 i 

X ^ L* ^ T"^! 

Let h be the positive real- valued function on X, defined as the restriction 
to X of the squared fiber norm on L* . Then p := In /i is a defining function 
for X close to the boundary and we define a hermitian metric u; on X by 

UJ = -ddlzf + -h~^dh Adh 
2 ' ' 2 

extended smoothly to the base T"~^ of X. The following local description 
of the situation is useful. The part of X that lies over a fundamental do- 
main of T"~^ can be represented in local holomorphic coordinates {z, w), 
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where w is the fiber coordinate, as the set of all {z, w) such that 

n-1 

h{z, w) = \wf exp(+ /ij \zif) < 1 

i=l 

and the fiber metric (j) for the line bundle 'n'*L\ over X may be written 

as 

n-1 

(j){z,w) = \Zif . 

i=l 

The proof of the following proposition is very similar to the proof of 
theorem I4.5[ but instead of Fourier transforms we will use Fourier series, 
since the M— symmetry is replaced by an S^— symmetry (the model 
domain Xq in section HI is the universal cover of X defined above) . 

Theorem 7.1. Let J{q) be the set of all integers j such that the form 
dd(j) + jddp has exactly q negative eigenvalues. Then 

(7.2) i?i = (;!)" detMdd(t^ + 3ddp))]-{3 + l)y . 

In particular, the dimension of H^''^{X,'k*Lx) is given by 

(7.3) I E (^^'^ + 3ddp\^, A dp 

and the limit of the dimensions of H^''^{X, {tt*Lx)'') divided by /c" is 



(7.4) j j {dd<p + tddp)n-i AdpAdt 

'dX Jt^Aq) 



Proof. First note that if aj is a form on T" ^ with values in U^® Lx, 
then 

a{z,w) := aj{z)w^ 

defines a global form on X with values in '7i*Lx. The proof of proposition 
14.11 can be adapted to the present situation to show that any form a in 
H°'''(X, 0) is of this form with aj in H°'''(T"-\ ® La). Actually, since 
X is a fiber bundle over T"~^ with compact fibers one can also give a 
somewhat simpler proof. For example, to show that a is tangential one 
solves the d— equation along the fibers of closed discs in order to replace 
the normal part with an exact form. Then using the assumption the 
a is coclosed one shows that the exact form must vanish. The details are 
omitted. We now have the following analog of proposition 14.31 for any a 
in 7^°'^(X, 4>) 

(7.5) {a, a) = 27r V(aj, aj)6^-, bj = [ {r^rdr = l/2(j + 1)-^ 

in terms of the induced norms. To see this, one proceed as in the proof 
of proposition 14. 3| now using the Taylor expansion of a. Writing ip{z) = 
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Sr==L^ /ij \zif and restricting z to the fundamental region of T"~^ we get 
that (a, a) is given by 



2 



Now using Parceval's formula for Fourier series in the integration over 6 
this can be written as 

_ e-*(-)/2 

Finally, the change of variables r' = e'^^^^^'^r in the integral over r gives 
a factor e~^'^'^^'> and the upper integration limit becomes 1. This proves 

As in the proof of theorem 14.51 we infer that Bx may be expanded as 



27r 

3 

where Bj is the Bergman function of the space 7-^°''^(T"~^, ® Lx). 
According to I7.H we have that 

B^{z) ^ \deiMdd<P + 3ddp))\ , 

where J(g) = {j : index(990 + j99p) = g}and where the sequence 

is equal to 1 if j G J(g) and zero otherwise. Thus, 17.21 is obtained. 

Integrating 17. 21 over X gives 

Jx j 2 Jo Jo 

The integral over the radial coordinate r is cancelled by bj^ and we may 
write the resulting integral as 

Hence, 17.31 is obtained. Finally, applying the formula 17.31 to the line 
bundle {'n*LxY = ^*(-^a) shows, since the curvature form of 7r*(L^) is 
equal to kddcf), that 

fc- / BfcOr.. = (f )" / 5^(990 + Iddpr-'l A dp, 
Jx JdX j 

where the sum is over all integers j such that ddcj) + ^ddp has exactly q 
negative eigenvalues. Observe that the sum is a Riemann sum and when 
k tends to infinity we obtain 17^ □ 

Note that since the line bundle 7i*L\ over X is flat in the flber direc- 
tion the integral over X in [Ol vanishes. Hence, the theorem above shows 
that the holomorphic Morse inequalities are sharp. The most interesting 
case covered by the theorem above is when the line bundle 7!'*Lx (simply 
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denoted by L) over X is semi-positive, and positive along the tangen- 
tial directions, and X is strongly pseudoconcave. This happens precisely 
when all Aj are positive and all /ij are negative. Then, for n >3, the the- 
orem above shows that the dimension of H^'^{X, L'^) grows as fc" unless 
the curvature of L is a multiple of the Levi curvature of the boundary, 
i.e. unless A and fj, are parallel as vectors. This is in contrast to the 
case of a manifold without boundary, where the corresponding growth is 
of the order o{k^) for a semi-positive line bundle. Note that the bundle 
L above always admits a metric of positive curvature. Indeed, the fiber 
metric (f) + eh on L can be seen to have positive curvature, if the positive 
number e is taken sufficiently small. However, if A and are not parallel 
as vectors, there is no metric of positive curvature which is conformally 
equivalent to the Levi curvature at the boundary. This follows from the 
weak holomorphic Morse inequalities, theorem 12.11 since the growth of 
the dimensions of H^'^{X,V^) would be of the order o(/c") then. 

Remark 7.2. To get examples of open manifold Y as described in re- 
mark [Ol one may take the total space of the line bundle L* over T"~^, 
as defined in the beginning of the section. Then p is an exhaustion se- 
quence, exhausting L* by disc bundles. Furthermore, to get examples of 
manifolds with boundary X where the index of the Levi curvaure form 
is non-constant one may take X to be an annulus bundle in L*. Such 
a manifold is neither g— convex or g— concave for any q. Theorem 17.11 
extends to such manifolds X if one uses Laurent expansions of sections 
instead of Taylor expansions. A concrete example is given by the hyper- 
plane bundle 0(1) over P"~^. Then the corresponding annulus bundle is 
biholomorphic to a spherical shell in C"~^, i.e. all z in C"~^ such that 
r < \z\ < r' for some given numbers r and r' . It has one pseudoconvex 
and one pseudoconcave boundary component. 

Finally, a remark about the proof of formula l7. 11 

Remark 7.3. To prove formula mi one can for example reduce the prob- 
lem to holomorphic sections, i.e. when g = (compare P]). One 
could also use symmetry to first show that the Bergman kernel is con- 
stant and then compute the dimension of if'?(T", Lx) by standard meth- 
ods. To compute the dimension one writes the line bundle Lx as L\ = 
ttJ'L^i ® 7r2L'^2 (S) ... (8>7r*L'^", using projections on the factors ofT", where 
L is the classical line bundle over the elliptic curve = C/Z + iZ, such 
that if°(C/Z + iZ, L) is generated by the Riemann theta function |10|. 
Now, using Kunneth's theorem one gets that H'^(T"-, L\) is isomorphic 
to the direct sum of all tensor products of the form 

H\T\ L^^^) ^ ■ ■ ■ (g) H\T\ L^^^ )^H^{T\ )(g)---®H°{T\ L^'- ) . 

Observe that this product vanishes unless the index / = (ii, i„) is such 
that the first q indices are negative while the others are positive. Indeed, 
first observe that if m is a positive integer, the dimension of H^{T^, L~"^) 
vanishes, since L~™ is a negative line bundle. Next, by Serre duality 
H^{T^,L"') ~ H^{T^,L-"'), since the canonical line bundle on is 
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trivial. So the dimension of H^(T^,L"^) vanishes as well. In particular, 
the dimension of H'^(T"',Lx) vanishes unless exactly q of the numbers 
Aj are negative, i.e. unless the index of the curvature of Lx is equal to 
q. Finally, if the index is equal to q, then, using that H^(T^,L) is one- 
dimensional, combined with Serre duality and Kunneth's formula again, 
one gets that the dimension of if°(T^, L~^) is equal to the absolute value 
of the product of all eigenvalues A,. This proves mi 

7.1. Relation to hole filling and contact geometry. Consider a 
compact strongly pseudoconcave manifold X with a semi-positive line 
bundle L. We will say that the pair (X, L) may be filled if there is a 
compact complex manifold X, without boundary, with a semi-positive 
line bundle L such that there is a holomorphic line bundle injection of 
L into L. ^ The simplest situation is as follows. Start with a compact 
complex manifold X with a positive line bundle L (by the Kodaira em- 
bedding theorem X is then automatically a projective variety [IHI)- We 
will obtain a pseudoconcave manifold X by making a small hole in X. 
Consider a small neighborhood of a fixed point x in X, holomorphically 
equivalent to a ball in C", where L is holomorphically trivial and let 
be the local fiber metric. We may assume that = and that is 
non-negative close to x. Then for a sufficiently small e the set where 
is strictly less than e is a strongly pseudoconvex domain of X and its 
complement is then a strongly pseudoconcave manifold that we take to 
be our manifold X. We let L be the restriction of L to X. A defining 
function of the boundary of X can be obtained as p = —0. Now, since L 
is a positive line bundle it is wegv thesischarles 
11-known that 



In fact, this holds for any semi-positive line bundle, as can be seen 
by combining Demailly's holomorphic Morse inequalities 11.11 with the 
Riemann-Roch theorem (this was first proved by different methods in 



is isomorphic to if°(X, L^). So decomposing the integral above with re- 
spect to 



limfc-"dimciy°(X,L'=) = (— [ (990)". 

IT- - .1 X 




(7.6) 





dX 



(990) A 90) 



^By a theorem of Rossi ^01 ) the pair (X, L) may always be filled if L is the trivial 
holomorphic line bundle. 
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Let US now compare the boundary integral above with the curvature 
integral in the holomorphic Morse inequalities 11.21 Since p = —0 this 
integral equals 

/ ((1 - t)dd(i>r~' A 90 A dt, 

[n - 1)! Jaxx[o,i] 

which coincides with the boundary integral in 17.71 since J^{1 — tY~^dt = 
1/n. This shows that the holomorphic Morse inequalities, theorem l6.5l are 
sharp for the line bundle L over X. To show that the Morse inequalities 
are sharp as soon as a pair (X, L) may be filled by a Stein manifold it 
is useful to reformulate the boundary term in ll.2l in terms of the contact 
geometry of the boundary dX. 

Let us first recall some basic notions of contact geometry The 
distribution T^'^{dX) can be obtained as ker(— i9p) and since, by as- 
sumption, the restriction of d{—idp) is non-degenerate it defines a so 
called contact distribution and dX is hence called a contact manifold. 
By duality T^'°((9X) determines a real line bundle in the real cotangent 
bundle T*{dX) that can be globally trivialized by the form —idp. Denote 
by X+ the associated fiber bundle over dX of "positive" rays and denote 
by a the tautological one form on T*{dX), so that da is the standard 
symplectic form on T*{dX). The pair {X+,da) is called the symplectifi- 
cation of the contact manifold dX in the literature More concretely, 

X+ = {t{-idp.^) : xedX,t>0}, 

i.e. X+is isomorphic to dX x [0, cxd[ and a = —itdp so that da = i{tddp+ 
dp A dt). The boundary integral in ll.2l mav now be compactly written as 

/ {Q + da)n, 

Jx+{q) 

where denotes the part of X+ where the pushdown of da to dX has 

exactly q negative eigenvalues along the contact distribution T^'°((9X). 

Let us now assume that X is strongly pseudoconcave and that (X, L) is 
filled by (X, L) (abusing notation slightly). We will also assume that the 
strongly pseudoconvex manifold Y, in X, obtained as the closure of the 
complement of X in X, has a defining function that we write as —p which 
is plurisubharmonic on Y. We may assume that the set of critical points 
of —p on Y is finite and to simplify the argument we assume that there 
is exactly one critical point xq in Y and we assume that p{xo) = 1 (the 
general argument is similar). For a regular value c of p we let X+(0)c be 
the subset of the symplectification of p~^(c) defined as above, thinking of 
p~^(c) as a strictly pseudoconcave boundary. Now consider the following 
manifold with boundary: 

^",(0)= U X+(0)e. 

ce[o,i-£] 
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More concretely, X^{0) can be identified with a subset of the positive 
closed cone in T*{Y, C) determined by dp : 

{t{-idp^) : xeY,t>0}. 

Hence, X^{0) is a fiber bundle over a subset of Y and when e tends to 
zero, the base of X^{0) tends to Y. Note that the fibers of X^{0) are a 
finite number of intervals and the induced function t on X,, is uniformly 
bounded with respect to e (i.e. the "height" of the fiber is uniformly 
bounded). Indeed, we have assumed that iddp is strictly negative. This 
forces Q + tiddp to be negative on all of Y for all t larger then some fixed 
number to- In particular such a t is not in Tx{0) for any x in Y. i.e. not in 
any fiber of ^'^(O). Now observe that the form Q + da on X+(0) extends 
to a closed form in ^"£(0) and the restriction of the form to Y coincides 
with ©. Let us now integrate the form (© + da)n over the boundary of 
^"^(0). The boundary can be written as 

d{xM) - x^{o)[j I U d{x4o)A[jx^{o%. 

\ce]o,i-£[ / 

Since the form is closed, the integral over ^(^'^(O)) vanishes according to 
Stokes theorem, giving 

= / {e + da)n- I ©„ + + O(£) 

where the zero contribution comes from the fact that the form (G + da)n 

vanishes along ^IJ^^jq 9(X+(0)c) j — Y. The term 0{e) comes from 

the integral (of a uniformly bounded function) over the "cylinder" X^(0)^ 
around the point xq- Finally, by letting e tend to zero we see that the 
Morse inequalities for L over X are sharp in this situation as well. 

Remark 7.4. The preceeding argument also shows that if p is a function 
on an open manifold Y with regular values c and c' (where c is less than 
c'), then 

/ {Q + da)n^ / ©„+ / {Q + da)n 

for all i such that i > q, if p is (j— convex on p~^]c, c']. In other words, the 
right hand sides in the weak Morse inequalities for p~^(< c) and p^^(< c') 
coincide. The analogous statement also holds in the convave case. 

Acknowledgement 7.5. The author is grateful to his advisor Bo Berndts- 
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